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In one-dimensional systems a twisted superfluid phase is found which is induced by a spontaneous breaking
of the time-reversal symmetry. Using the density-matrix renormalization group allows us to show that the
excitation energy gap closes exponentially causing a quasi-degenerate ground state. The two degenerate ground
states are connected by the time-reversal symmetry which manifests itself in an alternating complex phase of
the long-range correlation function. The quantum phase transition to the twisted superfluid is driven by pair
tunneling processes in an extended Bose–Hubbard model. The phase boundaries of several other phases are
discussed including a supersolid, a pair superfluid, and a pair supersolid phase as well as a highly unconventional
Mott insulator with a degenerate ground state and a staggered pair correlation function.
One-dimensional bosonic systems are believed to be widely
understood due to the unique theoretical insight by means of
the density-matrix renormalization group (DMRG). This is
even more remarkable as correlation effects in one-dimension
are considerably stronger than in higher dimensions. It was
shown that a Berezinskii–Kosterlitz–Thouless transition with
an algebraically decaying long-range correlation function oc-
curs between the superfluid and the Mott insulator phase
[1, 2]. Additional nearest-neighbor processes, included in
so-called extended Bose–Hubbard models [3], lead to more
complex phase diagrams including (charge) density waves
with alternating integer occupations. Superfluidity combined
with a density modulation indicating a supersolid behavior
was not found for commensurate filling. However, for non-
commensurate filling both a supersolid phase and a phase sep-
aration were predicted using quantum Monte-Carlo [4] and
DMRG methods [5]. Later a bosonic Haldane insulator was
found that is characterized by non-local string correlations [6–
8].
Here, it is shown that an additional quantum phase can oc-
cur within the framework of extended Hubbard models. The
phase transition is driven by correlated pair tunneling and is
characterized by a spontaneous breaking of the time-reversal
symmetry. In one dimension, this quantum phase can be iden-
tified by an alternating complex phase of the long-range cor-
relation function. For real Hamiltonians, Feynman’s no-node
theorem [9, 10] states that the ground state of a bosonic system
is positive real and therefore non-degenerate. However, the
quasi-exact treatment of a large system with DMRG allows us
to show that the excitation gap closes exponentially with an
increasing system size. This leads to quasi-degenerate ground
states for already relatively small systems. In the thermody-
namic limit, this excitation gap becomes arbitrarily small. I
show how the two lowest, real-valued DMRG states are con-
nected to the complex-valued, time-reversal-broken ground
states. Previously, this so-called twisted superfluid quantum
phase was predicted only for honeycomb lattices loaded with
single- and two-component bosons [11, 12]. The mean-field
treatment in Ref. [12] intrinsically realizes the thermodynamic
limit and is unable to access the energy gap, any system-
length-dependent properties, and long-range correlation func-
tions. For strong pair tunneling and nearest-neighbor inter-
action, the twisted superfluid phase becomes unstable against
either a supersolid phase [4, 5, 12–19] or a pair superfluid
[12, 18, 20–23]. For small tunneling amplitudes, an uncon-
ventional type of Mott insulator appears located between the
normal Mott insulator and the pair superfluid. It shows a de-
generate ground state and a staggered pair correlation func-
tion.
The phase diagram shown in Fig. 1 for the extended Bose–
Hubbard model is much more complex than for the standard
Bose–Hubbard model predicting a normal superfluid (SF) and
a Mott insulator phase (MI). The extended Bose–Hubbard
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FIG. 1. DMRG phase diagram of the extended Hubbard model for
a filling of N = 4 particles per lattice site. The depicted phases are
the superfluid (SF), twisted superfluid (TSF), Mott insulator (MI),
supersolid (SS), pair superfluid (PSF), pair supersolid (PSS), and
pair-wave Mott insulator (PW). The TSF and the PW phase are
characterized by a degenerate ground state (shaded areas, where the
filled markers represent an excitation gap smaller than 10−5U ). The
boundaries between MI and SF/SS are defined by a critical exponent
ν1 = 1/4 of the long-range correlation function g1(j) (the open
squares are obtained for 8≤j≤16). The pair superfluid phase cor-
responds to ν1 < 1/4 and a critical exponent νp > 1/4 of the
pair correlation function (open circles). The red arrows symbolize
the decay of the correlation function g1(j) = 〈aˆ†0aˆj〉 at a distance
j= 0, ..., 4 for different exponents ν1, where the vectors visualize
amplitude and argument within the complex plane. The inset shows
that the twisted superfluid phase extends substantially in parameter
space for N = 6 particles per site. Black (gray) markers correspond
to 450 (256) states of the density matrix kept in each DMRG itera-
tion.
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2model considered here includes both nearest-neighbor inter-
action V and the interaction-induced tunneling of pairs P .
For the foremost experimental realization of this model with
neutral atoms in optical lattices both amplitudes are equal
(P =V ) due to the contact interaction potential [3]. The ef-
fect of the nearest-neighbor interaction V has been extensively
studied due to its large amplitude for Coulomb interaction.
The pair tunneling is known to cause pair superfluids but the
possibility of a ground state with broken time-reversal sym-
metry induced by interaction has only been recently suggested
for a honeycomb lattice [12]. For one-dimensional lattices, the
Hamiltonian of the extended Bose–Hubbard model reads
Hˆ =− J
∑
i
aˆ†i aˆi+1 + c.c.+
U
2
∑
i
nˆi(nˆi − 1)
+ 2V
∑
i
nˆinˆi+1 +
P
2
∑
i
aˆ†2i aˆ
2
i+1 + c.c.,
(1)
where U is the on-site interaction energy and J the tunneling
amplitude. The bosonic creation and annihilation operators
are denoted as aˆ†i and aˆi, respectively, and the occupation of
site i corresponds to nˆi = aˆ
†
i aˆi. Let us note that the model ne-
glects next-nearest-neighbor processes and nearest-neighbor
density-induced tunneling [19, 24], where the first-order ef-
fect of the latter can be effectively described as a renormaliza-
tion of the tunneling amplitude. The correlated pair tunneling
P becomes important when the average filling of the lattice is
close to N =2 particles per lattice site or higher. As a con-
sequence, the critical P/U , where the pair-tunneling-driven
twisted superfluid phase emerges, decreases with the filling
factor, e.g., 0.07 for N =8.
The phase boundaries shown in Fig. 1 are computed using
the DMRG technique and are depicted for an average filling of
N =4 per lattice site. While the superfluid phase, the Mott in-
sulator [1, 2], the supersolid [4, 5, 12–19], the pair superfluid
phase [12, 18, 20–23], and the pair supersolid [12, 18, 21, 25]
are expected to appear, the phase diagram shows that a large
region in the phase diagram corresponds to the twisted super-
fluid phase. In this phase the particle number fluctuations are
much higher than in the normal superfluid region, which sets
a high requirement for the numerical treatment. The DMRG
method [26, 27] is applied for a single center site with 16 Fock
states, 450 states for each of the growing system bocks, and
two target states for the density matrix (ground state and first
excited state). The discarded weight is typically below 10−7
at the superfluid to Mott transition and reaches up to 3×10−5
close to the boundary of the twisted superfluid. As introduced
in Ref. [28], adding corrections to the density matrix is vital
for a single center site if using relatively few states to be kept.
However, the calculations show that this is not necessary once
using a very large number of states (all necessary fluctuations
are already present in the environment block). This applies for
both the infinite-size algorithm, where the environment block
is assumed to be the mirror image of the system block during
the growth, and the finite-size algorithm.
Strictly speaking, the ground state of any bosonic system of
finite size is real and non-degenerate according to Feynman’s
no-node theorem [9, 10]. Using an appropriate basis set, the
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FIG. 2. Degeneracy of the twisted superfluid state and twisting of
the correlation function. (a) Energy gap of the ground state as a
function of the system length L within the Mott insulator phase
(N = 4, J = 0.6U , P = 0.16U to 0.22U ) and in the twisted super-
fluid (P = 0.24U ) on a double-logarithmic scale. (b) For the latter
the gap closes exponentially with the length of the lattice. (c) In the
twisted superfluid phase the complex argument θ0,j of the correlation
function g1(j) is alternating for the ground state ψtr0 . The red arrows
visualize the values of the function g1(j) in the complex plane. (d)
As a consequence, the nearest-neighbor correlation function shows
an alternating twisting |θj−1,j | ≈ const in the bulk of the lattice
with marginal boundary effects. The correlation functions are ob-
tained for P = 0.28U using the finite-size DMRG algorithm (three
full sweeps, 450 density-matrix states).
matrix of the extended Bose–Hubbard Hamiltonian (1) is real
and a set of real-valued eigenvectors can be constructed. Con-
sequently, the numerical treatment can be restricted to real
numbers and the time-reversal symmetry cannot be broken,
since the ground state is nondegenerate. The loophole left
in this argument is that the lowest excited state may become
quasi-degenerate for a macroscopic system, i.e., degenerate in
the thermodynamic limit. An excitation gap that is closing ex-
ponentially with the system size indicates therefore a quantum
phase with a degenerate ground state. A one-dimensional lat-
tices with 81 sites is already sufficient for both measuring the
energy gap and evaluating long-range correlation functions.
The degeneracy of the ground state in the thermodynamic
limit is a requirement for the twisted superfluid phase (TSF).
Determining the energy gap of the lowest excitation allows
us to distinguish the TSF phase from the surrounding phases,
where a threshold value of 10−5U is used (filled squares in
Fig. 1). Since the energy gap decreases exponentially across
the transition, the phase boundary is only marginally affected
by the threshold. The excitation energy as a function of the
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FIG. 3. Long-range correlation functions across the transition from
the Mott insulator (N = 4, J = 0.6U, P = 0.20U and 0.22U ) to
the twisted superfluid (P = 0.24U ). (a) The long-range correlation
function g1(j) on a double-logarithmic and (b) a logarithmic scale.
The red lines depict power-law fits |g1(j)| ∝ (aj )ν1 with ν1 = 0.5
(P = 0.2U ), ν1 = 0.43 (P = 0.22U ), and ν1 = 0.08 (P = 0.24U ).
The black lines correspond to the real ground state ψ0 and the blue
lines to the complex ground state ψtr0 . (c,d) Double-logarithmic and
logarithmic plots of the long-range pair correlation function gp(j).
system size is shown in Fig. 2a for J/U =0.6 and various
values of the pair tunneling P and the nearest-neighbor inter-
action V =P across the transition from a Mott insulator to
the twisted superfluid. Within the Mott insulator, the excita-
tion energy (with equal particle number) decreases with the
system size L approximately as 1/L, whereas the energy gap
vanishes exponentially in the TSF phase (Fig. 2b). Close to
the transition to the TSF phase (P/U =0.22), the gap van-
ishes with a power-law behavior. In the TSF phase, the en-
ergy gap becomes as small as 10−12U already for roughly
30 sites, which clearly indicates that the phase transition can
be observed in optical lattices with relatively few lattice sites.
For larger systems, the numerical error dominates and the en-
ergy of the gap fluctuating randomly around 10−12U can be
considered as degenerate. Higher excitations do not decrease
exponentially and are clearly separated from the two lowest
states.
From the two real degenerate ground states ψ0 and ψ1
we can build a new pair of ground states that are connected
by the time-reversal symmetry operation Tψ = ψ∗. This
time-reversal pair is given by ψtr0 = (ψ0 + iψ1)/
√
2 and
ψtr1 = (ψ0 − iψ1)/
√
2. This pair of complex-valued ground
states corresponds to the mean-field solution in Ref. [12] of
the twisted superfluid state. In contrast to DMRG, mean-
field methods inherently realize the thermodynamic limit and
break symmetries, since strongly entangled states such as ψ0
and ψ1 cannot be described. The nature of the twisted super-
fluid ground state becomes apparent when evaluating the one-
particle correlation function g1(j) = 〈aˆ†0aˆj〉 of ψtr0 between
the central site and a site at a distance j. Figure 2c shows that
the complex argument θ0,j = arg〈aˆ†0aˆj〉 alternates between
neighboring sites, where the red arrows depict the orientation
in the complex plane. Between neighboring sites the argument
of eiθ0,j twists back and forth, which is also imprinted on the
nearest-nearest neighbor correlations θj−1,j = arg〈aˆ†j−1aˆj〉
(Fig. 2d). The twisting is constant on the whole lattice with
slight edge effects on the outermost sites. As one would ex-
pect, the correlation function g1(j) of ψtr1 is the complex con-
jugate of ψtr1 and thus the sign of θj−1,j is reversed. Both the
twisting and the degenerate ground-state define the twisted su-
perfluid phase.
Further insight can be obtained by analyzing the correla-
tion functions across the transition from the Mott insulator to
the twisted superfluid. Within the Mott insulator, the correla-
tion function |g1(j)| ∝ (aj )ν1 decreases with an exponent ν1
larger than 1/4 (Fig. 3a). In the twisted superfluid phase, the
exponent falls below 1/4 which is also the case for a normal
superfluid. While the correlation function g1(j) of the real-
valued ground state ψ0 varies smoothly in the Mott phase, it
alternates strongly close to the phase boundary (P =0.22U )
as well as within the twisted superfluid phase (see Fig. 3b).
Thus, the real-valued ground-state pair ψ0,1 shows an ampli-
tude modulation of g1(j), whereas the unitary transformation
to the time-reversal pair ψtr0,1 leads to an alternating complex
argument and a smooth absolute value (Fig. 3a). The pair cor-
relation function gp(j) = 〈aˆ†20 aˆ2j 〉 shows a similar behavior
(Fig. 3c and d), where the complex twisting for ψtr0,1 is twice
as strong, i.e., θp0,j ≈ 2θ0,j .
Several other quantum phases appear in the phase diagram
in Fig. 1 which are discussed in the literature for extended
Bose–Hubbard models. The phase boundaries between the
Mott insulator and the normal superfluid (SF) or the super-
solid (SS) are determined by the critical exponent ν1 = 1/4
of the long-range correlation function. The supersolid shows
both long-range coherence as well as alternating density cor-
relations 〈nˆ†0nˆj〉 [4, 5, 12–19]. For small tunneling and large
pair-tunneling amplitudes, a pair superfluid phase (PSF) ap-
pears, where ν1 > 1/4 and νp < 1/4 indicate a vanishing
superfluid order parameter and a nonzero pair order parame-
ter [12, 18, 20–23]. Due to the positive energy contribution
of the pair tunneling P , the pair correlation function has a
staggered sign gp(j) ∝ (−1)j . Furthermore, a pair supersolid
phase (PSS) appears attached to the supersolid phase. The pair
supersolid combines pair superfluidity and alternating density
correlations [12, 18, 21, 25]. The errors of the phase bound-
aries are mainly given by systematic uncertainties, which is
the fit range for determining ν1 and νp, the finite size of the
one-dimensional lattice as well as the threshold value for the
energy gap (see Refs. [1, 2] for an error discussion).
A highly unconventional correlated Mott insulator appears
below the pair superfluid phase (Fig. 1). This phase can be
distinguished from the normal Mott insulator by a degenerate
ground state, i.e., an exponentially closing energy gap (similar
as in the TSF phase). Induced by the pair tunneling, the Mott
insulator shows staggered pair correlations gp(j) ∝ (−1)j
such as in the pair superfluid phase but with νp > 1/4. It is
4therefore denoted here as pair-wave Mott insulator (PW). The
breaking of the inversion symmetry resembles the situation
of a (charge) density-wave (e.g. Refs. [1–8, 12–19]), where
two possible ground-state occupations exist. In contrast to the
staggered gp(j), the correlation function g1(j) is positive with
ν1  1/4. In fact, a single-site mean-field treatment would
evaluate both the superfluid and the pair superfluid order pa-
rameter to zero and hence could not distinguish between this
degenerate and a normal Mott insulator phase.
In conclusion, it is shown that pair-tunneling induces a
twisted-superfluid phase in one dimension with an alternating
complex phase of the long-range correlation function. The
energy gap of the ground state closes exponentially causing
quasi-degenerate ground states. The time-reversal symme-
try breaking is caused by interaction-induced pair-tunneling
processes, whereas in chiral superfluids it is induced by de-
generacies in the band structure caused either by an effec-
tive spin-orbit coupling or by populating excited bands (e.g.
Refs. [29–31]). The performed density-matrix renormaliza-
tion group scheme allows a quasi-exact study of a large sys-
tem, whereas previous studies of the twisted superfluid are
either mean-field based [12, 32] or consider only small sys-
tems [33]. While Refs. [32, 33] found no evidence for the
twisted superfluid phase, the results of the cluster mean-field
approach in Ref. [12] is strongly supported by the presented
DMRG study.
As an important contribution to a possible experimental
detection of the twisted superfluid phase [11], the effect of
post-interaction of two different components was discussed in
Ref. [34]. It was found that the interaction within the first mil-
liseconds of the time-of-flight expansion can mimic the signal
of a twisted-superfluid in honeycomb lattices. It was shown in
Ref. [12] that for two components the twisted superfluid ap-
pears already for much lower values of the pair tunneling due
to interaction-induced counter hopping processes and strong
correlation effects. Thus, the inclusion of a second spin state
in the one-dimensional model is expected to lower the critical
value of P/U substantially, where DMRG calculations can
shed light on the origin of the underlying correlation effect.
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